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At preseat one may consider as experimentally established that the best 
aPProximation to the reality is given by considering the foundation as 
an elastic layer of finite thickness. Therefore the solution of contact 
problems for the elastic layer acquires a great interest. 

In the present paper problems are considered on the penetration of a 
rigid stamp into the elastic layer lying without friction upon an unde- 
formable base or rigidly connected with the undeformable base. It is 
assumed that (1) the region R of contact of the stamp with the layer is 
arbitrary and fixed, (2) the friction forces between the stamp and the 
layer are absent. (3) outside the stamp the layer is not loaded, It is 
shown that an approximate solution of the indicated contact problem for 
any layer of thickness h can be found if the solution of the correspond- 
ing contact problem for the elastic semi-space is known. Tables for ob- 
taining approximate solutions are given. As an example, the case of an 
elliptic contact region is considered. 

1. Integral equations, propertiee of their kernels. By means of the 
methods of the variational calculus the above indicated problems can be 
reduced to the determination of the contact pressure q(P) between the 
stamp and the layer from the integral equation 

5 ( 
E 

q @‘I K (RI li) do = 2nW (Q), QEQ A = 2 (1 -US) ) (i-i) 
62 

Here R is the distance between the points P and Q; the function g(Q) 
is the given setting of the layer boundary under the stamp, which is de- 
termined by the shape of the Stamp base and by the degree of Penetra- 
tion of the stamp into the layer. Obviously, on physical grounds 
g(Q) > D for Q E R. Also, for the same reason. the conditions 
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q(P)>0 WhenPE 62, 
s Q (P) dP < 00 (1.2) 
D 

must be satisfied. 

The class of functions g(Q), positive in !& for which there exists 

the solution of equation (1.1) satisfying conditions (1.2), we shall de- 

note G(h); and in what follows we shall assume that g(Q) E G(h). 

We remark alSO that the pressure q(P) is connected with the force and 

the moments acting upon the stamp by the known relations 

N= ‘q(P)dP, 
I 

MC = rlq (P) dP, M,, = 
s s 

Eq (P) dZ’ (1.3) 

0 n a 

The kernel of equation (1.1) has the form for the case of the layer: 

a) lying on the undeformable base without friction 

K (R I 4 = r z;uu+;u Jo (uR / h) du 

0 

(1.4) 

b) rigidly connected with the undeformable base 

co 
2 (3-4u)dnb2u--44~ 

K(R/h) =~2(3-_~)~2.+(3-4~)Pf~+4u’ Jo(uRih)du (I.51 
0 

Here J,(x) is the Bessel function of zero order. 

It can be shown that the kernels (1.4) and (1.5) may be represented 

in the form 

K (k) = k-l - F (k) (-oo<k=R/h<oo) ,w 

In formula (1.6) the function F(k) is even, continuous, and continu- 

ously differentiable any number of times; it may be represented as a 

power series with the convergence radius p = 2 

F (k) = ~ aikai, 
i=o 

lk1<2 (1.7) 

It can be shown that for 1 kl - a of the kernel 

K (k) -+ 2YL48 (k) (14 

( I-2U 
A = 2 (i - a)’ > 

Here 6(k) is a two-dimensional delta function; A is given for the 
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case (1.5); for the case (1.4), A = l/Z. 

TABLE 1. 

__II.- 

( 0 / a, 1 a1 1 a2 1 a* 1 a, 

a 1.168 -0.395 0.129 -0.0379 0.0106 

0.1 1.242 -0.503 0.200 -0.0721 0.0236 
0.2 1.292 -0.552 0.226 -0.0618 0.0272 

b 0.3 1.377 -0.627 0.265 -0.0976 0.0329 
0.4 1,519 -0.747 0.327 -0.123 0.0428 

The ValueS of the constants ai are given in Table 1 with three signi- 

ficant figures. In Tables 2 and 3 are given the values of the function 
F(k) computed on the computer “Ural” corresponding to the problems (1.4) 
and (1.5). The tables are computed so that the intermediate values of 

F(k) can be obtained by linear interpolation with three exact figures 

after the decimal point. 

2. Degenerate solutions for very large and very smail h. solution for 

large h. Using formula (1.6) let us represent (1.1) in the form 

Q (PI) 
--ap=ZrtAg(Q)+~~q(P)F(R/h)~~ R fQEf4 G-9 

a 5) 

For very large values of h one may neglect the second term on the 

right-hand side of the equation (2.1) which then becomes 

c Q (P) 
7dP = 2nAg (Q) (QE Ql 

h 

As is known, the problem of the action of the stamp upon an elastic 

semi-sgace (h = ~0) is reduced to equation (i. 2), however the solution of 

equation (2.2) may be considered as an approximate one for very large 

h cm. We remark also that the solution of equation (1.1) or (1.2) for 

any value h E (0, m) will obviously be of the same character (will have 

the same Properties) as the solution of equation (2.2). This follows 
from the fact that the right-hand side of equation (2.1) differs from 

the right-hand side of equation (2.2). due to the properties of the func- 

tion F(k) and conditions (1. 2). by a function which is continuous and 

continuously differentiable any number of times. For the case when the 

region n is an ellipse and the function g(Q) is an arbitrary polynomial, 

the solution of equation (2.2). bounded and unbounded on the contour L 



Some contact problems for the elastic layer 1167 

of the region !& is obtained in the author’s [II paper*. 

TARbE 2. 

k F (k) k 

0.00 
0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 

1.168 
1.i67 
1.164 
1.159 
1.152 
1.143 
1.133 
3.121 
1.107 
1.092 

:%: 
2:040 
1.021 
1.001 

0.75 
9.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.40 
1.45 

I - F W 1 k 

0.980 
0.959 
0.937 
0.915 
0.893 
0.871 
0.849 
0.827 

EZ 

Es: 
0:723 
0.703 
0.684 

1.50 
1.55 
1.60 
1.65 
1.70 
1.75 

::ZE 

::g 

Ez 
2:10 
2.15 
2.20 

F (k) 

iKEi 
0: 630 
0.613 
0.597 
0.581 

E!! 
0: 537 
0.524 
0.511 
0.498 
0.486 
0.474 
0.463 

T - k 8’ W k 

t*z 
2:35 
2.40 
2.45 
2.50 
2.55 

E 
2:70 
2.75 
2.80 
2.85 
2.90 
2.95 

EZ 
0: 433 
0.423 
0.414 
0.406 

Ei 
3:10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.40 
3.45 
3.50 

0.360 
0.354 
0.347 
0.341 

F W 

0.335 

EE 
0:319 
0.314 
0.309 

Ez 
0: 295 
0.290 
0.266 

;hen as 

I/k 

1 values of h equation (1. I), because of (1.8). may be For very sma 

represented in the form 

A 
s 

q {P) 6 (I2 / h) dP = 

a 

tQf= at 

The solution of equation (2.3) is found 

q(Q) = Ag(Q)lnh 

A& (Q) 

without difficulty 

(QE 52) 

(2.3) 

(2.4) 

It is advisable to use the solution of equation (2.2) as an approxi- 

mate solution of equation (1.1) for very large h when h >,ba. and the 

degenerate (limit) solution (2.4) for very small h, when h <xXoa (a = 

l/2 maxnR). The values xm and x0 are given in Table 4 for the problems 

(a) and (b) . Thereby the values x0 are computed for stamps which in 

plane are close to circular. !Vithin the limits indicated the obtained 

approximate solutions may be considered as practically exact. 

For large values of h, namely for h > a, the magnitude 1 k\ < 2 and, 

consequently, the function F(k) may be represented in the form (1.7). 

Keeping this in mind let us rewrite equation (2.1) 

l Some particular solutions for this case have been obtained previously 

in the papers [2-41. 
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TABLE 3. 

k F (k) I I k F(k) I I k F(k) I I k F(k) I I k F(k) 

0.00 1.242 0.70 
0.05 1.240 0.75 
0.10 1.236 0.80 
0.15 1.230 0.85 
0.20 1.222 0.90 
0.25 1.211 0.95 
0.30 1.198 1.00 
0.35 1.183 1.05 
0.40 1.166 1.10 
0.45 1.147 1.15 
0.50 1.127 1.20 
0.55 1.106 1.25 
0.60 1.083 1.30 
0.65 1.060 1.35 

is 
0:10 
0.15 
0.20 
C.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 

1.292 0.65 1.094 1.30 0.754 1.95 0.519 
1.291 0.70 1.068 1.35 0.731 2.00 0.506 
1.287 0.75 1.041 1.40 0.709 2.05 0.493 
1.280 0.80 1.014 1.45 0.688 2.10 0.481 
1.271 0.85 0.986 1.50 0.668 2.15 0.470 
1.259 0.90 0.959 1.55 0.648 2.20 0.459 
1.245 0.95 0.932 1.60 0.629 2.25 0.448 
1.228 1.00 0.905 1.65 0.611 2.30 0.438 
1.210 1.05 0.878 1.70 0.594 2.35 0.428 
1.189 1.10 0.852 1.75 0.578 2.40 0.419 
2.167 1.15 0.827 1.80 0.562 2.45 0.410 
1.144 1.20 0.802 1.85 0.547 2.50 0.402 
1.120 1.25 0.777 1.90 0.532 2.55 0.394 

8-Z 
0:10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 

1.377 
1.375 
1.370 
1.363 
1.352 
1.339 
1.322 
1.304 
1.283 
1.260 
1.235 
1.209 
1.181 
1.153 
1.123 
1.093 

0.80 
0.85 

::ii 

:z 
1:10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.40 
1.45 
1.50 
1.55 

0.986 
0.961 
0.935 
0.910 
0.885 
0.860 
0.836 
0.812 
0.788 
0.765 
0.743 
0.722 

..45 

..50 
!.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
L.95 
!.OO 
2.05 

1.063 1.60 
1.032 1.65 
1.002 1.70 
0.972 1.75 
0.942 1.80 
0.912 1.85 
0.883 1.90 
0.855 1.95 
0.828 2.00 
0.802 2.05 
0.776 2.10 
0.751 2.15 
0.727 2.20 
0.704 2.25 
0.682 2.30 
0.662 2.35 

0 = 0.2 

b: 

0.701 2.10 0.480 
0.681 2.15 0.469 
0.661 2.20 0.458 
0.642 2.25 0.448 
0.624 2.30 0.436 
0.607 2.35 0.429 
0.591 2.40 0.420 
0.575 2.45 0.411 
0.559 2.50 0.402 
0.545 2.55 0.394 
0.531 2.60 0.387 
0.517 2.65 0.379 
0.504 2.70 0.372 
0.492 2.75 0.365 

= 0.3 

0.641 
0.622 
0.604 
0.586 
0.570 
0.554 
0.539 
0.524 
0.511 
0.498 

ii*::; 
0:462 
0.451 
0.441 
0.431 

2.40 
2.45 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 

;*ii 
3:10 
3.15 

0.422 
0.413 
0.404 
0.396 
0.388 
0.380 
0.373 
0.366 
0.359 
0.353 
0.347 
0.341 
0.335 
0.329 
0.324 
0.319 

2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 

2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 

3.20 
3.25 
3.30 
3.35 
3.40 
3.45 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 

0.358 
0.352 
0.346 
0.340 
0.334 
0.329 
0.323 
0.318 
0.313 
0.308 

then as 

I/k 

0.386 
0.379 
0.372 
0.365 
0.358 
0.352 
0.346 
0.340 
0.334 

then as 

l/k 

0.314 
0.309 
0.304 
0.299 
0.295 
0.291 
0.286 
0.282 
0.278 
0.274 
0.271 
0.267 

then as 

l/k 



0.00 1.519 
0.05 1.517 
0.10 1.511 
0.15 1.502 
0.20 1.489 
0.25 1.473 
0.30 1.454 
0.35 1.432 
0.40 1.407 
0.45 1.380 
0.50 1.350 
0.55 1.319 
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o = 0.4 

1.15 
1.20 
1.25 
1.30 
1.35 
1.40 
1.45 
1.50 
1.55 
1.60 
1.65 
1.70 

i:E 
0:817 
0.789 
0.762 
0.737 
0.712 
0.689 
0.667 
0.645 
0.625 

2.30 0.450 
2.35 0.439 
2.40 0.429 
2.45 0.420 
2.50 0.411 
2.55 0.402 
2.60 0.394 
2.65 0.386 
2.70 0.378 
2.75 0.371 
2.80 0.364 
2.85 0.358 

3.45 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 

Z% 
3:90 
3.95 
4.00 

0.293 
0.289 
0.285 
0.281 
0.277 
0.273 
0.269 
0.266 
0.262 
0.259 
0.255 
0.252 

4.60 
4.65 
4.70 
4.75 

Z:% 

EZ 

z%! 
5:10 
5.15 

0.218 
0.216 
0.214 
0.212 
0.209 
0.207 
0.205 
0.203 
0.201 
0.199 
0.197 
0.195 

k 1 F(k) 1 k 1 F(k) 1 k 1 F(k) 1 k 1 F(k) ) k F(k) 

o = 0.4 

0.6U 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 

:z 
1:10 

1.267 
1.253 
1.219 
1.183 
1.148 
1.112 
1.077 
1.042 
1.007 
0.973 
0.940 

1.75 
1.80 
1.85 
1.90 
1.95 

f*Z 
a:10 
2.15 
2.20 
2.25 

0.606 

EE 
01554 
0.539 
0.524 
0.510 
0.497 
0.484 
0.472 
0.460 

-.- 

(a) 

l;f, 151.5 

x0 7 

2.90 
2.95 

Ei 
3:10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.40 

0.351 
0.345 
0.339 
0.333 
0.328 
0.322 
0.317 
0.312 
0.307 
0.302 
0.298 

TABL,E 4. 

4.05 
4.10 
4.15 

E 

E 
4140 
4.45 
4.50 
4.55 

0.249 
0.246 
0.243 

X% 
0:234 
0.231 
0.229 
0.226 
0.224 
0.221 

02 
1:*: 17’ 

i’ 1 
iIT -i- 

5.20 

?Z 
5:35 
5.40 
5.45 
5.50 

0.193 
0.191 
0.189 
0.188 
0.186 
0.184 
0.182 

then as 

l/k 

The approximate solution of equation (2.5) may be found either by 

the method of successive approximations or by the method presented in 

[51, if the solution of equation (2.2) is known. It is advisable to use 

the approximate solutions thus obtained for h > 1.5 f 2a. As an example. 

[51 contains an approximate solution of equation (2.5) for the case of 

an elliptic region R and 

We remark that from the practical viewpoint it is often sufficient 

to determine not the solution of equation (1.1) itself, but the 
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magnitude of the force N acting upon the stamp, or at least an estimate 

of this magnitude. 

Let us show that one may obtain a two-sided estimate of the magni- 

tude of the force N, if one knows the solution q(P) = vgv(P) of equa- 

tion (2.2) for g(Q) = v, i.e. if the solution of the problem of the 

action of a flat stamp upon the elastic semi-space is known. 

Multiply both sides of equation (2.1) by vq,(Q) and integrate with 

respect to n. After this, transposing the integrals on the left-hand 

side, following [d, we obtain 

1 
N = J (g) + 2nAh -$ ~(W’(R/W’) n (WI =I dQ)f(Q)dQ) (2.6) 

n 

LYOW from (2.6) we find without difficulty the two-sided estimate of 

the magnitude of the force 

J (d J (g) 
1 - (J (I) / 2nAh) mina F (k) dN G 1 - (J (1) / 2nAh) maxp F (k) 

(2.7) 

The two-sided estimate obtained is, generally speaking, correct for 

any value of h, but it is sufficiently effective only for large h, about 

h > 1.5 f 2a. For a given h the values max QF( k) and min Q F(k) can 

easily be found from Tables 2 and 3. 

Let the region R be an ellipse with semi-axes a and b, and g(O) = y, 

then formula (2.7) becomes 

2na AT 2na AT 
K (e) - (a/h) minnF dNdK(e)-(a/h)maxlaF (2.8) 

where K(e) is the complete elliptic integral of the first kind, e is 

the excentricity. Obviously, the mean value of the force N may be repre- 

sented in the form 

N, = 4axAT 

Some results of computations are given in Table 5. 

TAGLE 5. 

Problem (b) for u = 0.3 

0.09 1 2 1 1.60(1.63) 1 4 1 1.26(1.27) 
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In parenthesis are given, for comparison, practically exact values of 

the magnitude K, calculated according to the corresponding formula of 

[51. 

We remark that a more exact estimate than (2.7), and a sufficiently 

convenient two-sided estimate for the force magnitude N and two-sided 

estimates for the moments “‘5 and III , are obtained in [71 at h > 1.5 + 2a. 
for the special case when the regi?n Q has two mutually perpendicular 

axes of symmetry, and the function g(Q) has the form g(Q) = y + ax + 

py - ~(x’, y*). Besides, it is assumed that the solution of equation 

(2.2) for g(Q) = v + hx + py is known. AS an example, [71 contains the 

two-sided estimate of the force magnitude for a flat stamp circular in 

the plane. 

3. Approximate solution for intermediate values of h. For inter- 

mediate values of h (l/7 + 1/12.5a < h < 1.5 +- 2a) the approximate solu- 

tion of equation (1.1) or (2.1) can be found in the following way. Let 

us fix h, then 0 < ) kl < 2a/h, and let us in some manner approximate the 

function F(k) for II [ k E 0. 2a/hi by a polynomial (e.g. interpolation 

polynomial) 
n 

F (k) = 2 bikzi 

i=O 

Substituting F(k) from (3.1) into equation (2. l), let us represent 

it in the form 

(Q E W (3.2) 

We show that, again, if the solution of equation (2.2) is known, 

then the solution of equation (3.2) is reduced to 

system of linear algebraic equations. We seek the 

(3.2) in the form 

the solution of a 

solution of equation 

Q P) = 40 (P) + Ql PI (3.3) 

where q,,(P) is the solution of equation (2.2). It is easy to see then, 
that the correcting function q,(p) satisfies the equation 

s q1 (P)$ = [qo (PI + q1 (P)l@@ (QEW (3.4) 
n f===e cl 

Let now q*(P) be the solution of equation (2.2) for 

i+i 4271 

(3.5) 
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which, by assumption, is known. Setting q,(p) = q (P) and substituting 
into (3.4), we obtain. as is easy to see, on the Ifeft- and right-hand 
sides, polynomials of degree 2n. Equating the coefficients of equal 
powers of x and y, we obtain a system of (2n + l)(n + 1) linear alge- 

braic equations for determining (2n + 1) (n + 1) unknowns Cij. Solving 

the system and substituting the values found of Cij into the expression 

91 (P) I we obtain the approximate solution of equation (1.1) by the 

formula (3.3). 

We remark that the thus obtained approximate solutions of equation 

(1.1) retain all the properties of the exact solution, since in replac- 

ing the function F(k) by a polynomial, the properties of the kernel of 

this integral equation do not change. 

As an example let us consider the case of an elliptic region of con- 

tact R with semi-axes a and b. Put h = a, n = 1 and g(Q) = y + ax + py, 

then, obviously, the right-hand side of equation (3.2) is a polynomial 

of second degree, and, consequently, the solution of equation (3.2) for 

the case under consideration is to be sought in the form [31 

q(P) =~(l-5-b)-“[r(aoo+aM~+aOI~)+aaloE+Ba,,~rl] (3.6) 

Thereby N, MC and hl,, will have the form 

N = 4axAy, x = ‘Ia n [aoo + 115 (aa0 + ad1 (3.7) 

ME = Va 8 A&I. $01 = V4 na01, M, = "Is 6% A910, &O = V4na10 (3.6) 

Substitute q(p) in the form (3.6) into equation (3.2) and evaluate 

the left-hand integral, using [d; the right-hand integral is evaluated 

without difficulty. Equating then the coefficients of equal powers of x 

and y in relation (3.2). for determining the numbers aij, we obtain five 

linear algebraic equations 

adoa -i- ‘/z a2601 (1 - e*) -I- ‘lzaozSlo = 1 -I- am lb, + ‘lab1 (2 - e2)1 -I- 

+ Y.+20 bo -k '/A (4 - 81 + ‘lsao, [to + V&r (4 - 3 e2)1 

a&o - llx%oSrl (1 - ea) + GITJ~~ (1 - e2) - ‘laaozSzo = awbl i- ‘/8bla,o -I- ll&laoa (3.9) 

a&11 - 1/za2d0a (1 - e2) + ao2S02 (1 - e2) - llzao,Sl, = aoObl + 1l&,a,o + 1l&,ao, 

a1610 = 1 - 2/+10bl, a0P01 = 1 - 2/3aolbl 

where e is the eccentricity and the S,,,,, have the form 

(3.10) 
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and can be expressed as complete elliptic integrals of the first and 

second kind. 

Let us take as interpolation points on the segment 10, 21 kg = 0 

and kl = 1.5, then, using Tables 2 and 3, we find for the problem (a) 

50 = 1.168 and bl = - 0.223, and for the problem (b). for u = 0.3, 

b0 = 1.377 and b, = - 0.309. Now substitute the values b, and bl found 

into system (3.9) and solve it for e* = 0.00, 0.70 and 0.99 for the 

problem (a), and for e* = 0.00 for the problem (b). 

The results of the solution, as well as the corresponding values of 

K, YIP and Y 1’ are given in Table 6. For comparison, some values ob- 

tained in 18 9 are given in parenthesis. 

TABLE 6. 

0.00 2.001 

a 0.70 1.056 
0.99 0.387 

b 0.00 2.610 

I .571 1.571 

0.959 0.357 
0.3Y1 0.010 
1.726 1.726 

- 

I - 
-0.825 -0.825 

-0.286 -0.131 
-0.038 -0.002 
-1.347 -1.347 

x I QI. JlOl 

2.28 1.23 1.23 
(;.ft) 

0:59 

(A. ;;’ 

0:31 

(h. g) 

0:01 
2.69 1.36 1.36 

(2.48) (1.27) (I .27) 

It is quite evident that the method of obtaining the approximate 

solution of equation (1.1) given in this section is applicable, 

generally speaking, for any values h E (0. m). However, when A),l.5+2a, 

it is more convenient to use the methods shown in Section 2 for very large and 

large values of h; when h <l/7 + 1/12.5a, then it is more rational to 

use the degenerate solution (2.4) for very small h, since to obtain 

approximate solutions of equal accuracy by the method of the present 

Section, it is necessary with decreasing h to increase n in equation 

(3.2) which leads to a rapid increase of the number of equations in the 
system. 

Thus it is expedient to use each of the presented methods for the 

approximate solutions of the problems (a) and 

interval of change of h, whereby all together 

range of change of h E [O, ml, and may serve 

engineering calculations. 

In conclusion, we remark that the pressure 

(b) on a certain definite 

they exhaust the entire 

as a convenient means for 

q(P) in the case of prob- 

lem (b) turns out always to larger than in the problem (a) for equal 

setting of the stamp g(Q). and all other conditions being equal; however 

this difference for 0 <a < 0.2 does not exceed 10 per cent. 
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